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SUMMARY

An approximate expression for the third statistical moment in non-linear
chromatography is derived in terms of a series expansion in the -non-linearity para-
meter AC;. The trends predicted by this model correlate satisfactorily with the results
of a computer simulation of the problem.

INTRODUCTION

Skewed peaks is a phenomenon characteristic of non-linear chromatography
(e.g.. ref. 1); a non-zero value for the third statistical moment, a4, of a concentration
distribution is indicative of the presence of skewness (e.g., ref. 2). It follows that the
availability of a mathematical formulation for &4 in non-linear chromatography would
be of importance in the description of this type of chromatogram. This paper is
concerned with the mathematical development of such an expression, and a complete
list of the symbols used is given at the end of the paper.

THE THEORETICAL MODEL

The mathematical technique used to obtain an expression for the third statis-
tical moment, o5, defined by

1 + o
(o] - .
'is analogous to that used for the generation of the lower moments® 4, namely, the
-application of the third moment operator
1 + oo s ‘ '
— (z —<z>)*dz ‘ (2)
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to the basic differential equation describing mobile phase mass transport?:

ac U ac D, &C

5 = TT+AC 8z T T+ iC 552 (3)

This results in

_a__=—1+.]———--———-—3a' =3 - (4)

where

I__g_‘j‘+w(z—<z>)3.ac.d

gl -w 14iC B8z °F (s)

e =N\ 52
=&f (z =<2 #°C ©)

Mo -0 1-+AC pz2

A = 2ko/(1 + k;) is the non-linearity parameter, where 2, and %, are defined by the
non-linear isotherm

n=c¢ek,C + ek,C?

A series expression for deg/dt (for|AC| << 1) can be obtained from eqns. 4,
5 and 6 by expanding 1/(x + AC) in the binomial series

371755 = EO (— 1)"(LC)" @)

When use is made of the fact that C and 9C/0z tend to zero as z— 4 0, sub-
stitution of eqn. 7 into the above equation, followed by partial integration, yields

da3’no d<Z>

’—a—t——=Il+J1 +J2-302m0‘—a—t‘— (8)
where

L=30 2 (=1 | 7 = zpem e ©
! n=1 n+1 -

J, = 6D 5 (— 1)"—-’1" +m(z—<z))C"“d2 (10)
1= e"=1 ‘n<41 - O‘M
‘ ' oo‘ | + o ac 2 . . ""‘”ﬂj

Jy=D, Z (— I)"“nﬂ.”f (z —=<z))c"! ('é_: dz (11)

: n=1 - ~ ‘

KZ)=Lz>-Ut ‘ L (12)
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An approximate expression for the d{Z)/d¢ in eqn.

111, 15

S has been derived pre-

viously?3. In terms of centre-of-mass coordinates ar
p=z—L2z> (13)
This is given by
d<Z>_ U < N ;""_A+w n+1
de _mo,,fl( P n+ 1 —mC dp+
Dg - gyt e n-1 49 2
+ g nil ( & b - PC ap dp+
+eo oC \? {z> dm
_c;_ net i n nm—1f ™~ —N\<s Hio
+ Mg < >,,._Z1 ( ) n f_w C <3/) dp mo dt (I4)
with?
d'"o n+1 n T n—1 oC 2 e
2 =D. z (— "' _wc % dp (15)
Substitution of eqn. 15 into eqn. 14 gives
d<z> — Y n /" _ e n+1
—d—i_ '770""—1 ) n+1 C dp +
+De 5oy m,oc"-1 A2) (16)
Mg p=1 - w dp
The use of centre-of-mass coordinates transforms I, J; and J, into
oD )" + 5 1
— L AN n
11—-3U"fl( 1) ,H_]f p°C"" " dp (17)
o0 an + o 1
Jy =6De"fl( 1) F::T pC dp (18)
on + w dc
J,=D, T (—D""'na" | =p3C"! dp (19)
n=1 - ap

An approximate analytical expression for @y can now be obtained from the
-above equations by evaluating the integrals in C by means of the zeroth-order (i.e,
.A = o) solution of eqn. 3 for an equivalent Gaussian inlet5, namely

(20)
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where

2 Wiz .
c°=2D,t + — "
¢ a7 1)

Instead of regarding the mass per unit mobile phase cross-section, ,, as being con-
stant, however, a more realistic description can be formulated by using the approx-
imate zeroth-moment expression obtained previously?:

_ Z.C| _ I
meo = M, {l -+ —2—\/-—2 [l ( 4nD,,t)”{|} (22)
T+ ———

wi

The 0% term in eqn. 8 will, for mathematical convenience, be approximated
by eqn. 21. ' :

Substitution of eqn. 20 into the relevant equations above and rearrangement
reduces eqn. 8 to

d(asmg) _ 3U ; (= 1)+t nA"my*!

de n=1 (n + ]_)5/2 (27.:)»/2 o" 2 (23)

which contains no explicit diffusion contribution (see J, eqn. 4).

If terms up to third order in 4 are retained, substitution of eqns. 21 and 22
into eqn. 23 and subsequent partial integration results in the following approximation
for the third moment in non-linear chromatography:

4 3/2
oy = AC;U";|Wi {[I + 47ZD2et:| _ I}"."
(16\/2)75 Demo wy

L GC) Umwi {[1 N 4nDct]3/2 _ 1}—
32n2D,mq wi

(93 + 16) (AC) Umwit (3+/3 + 16) (AC)*Um,wit .

48/ 3)7 mo (32/6)n mq
o +  (ACHRUmwt {[I 4 47rD,,t:|3’/2 _ 1}+ : | ' "
(128,/2)7n*D m, w? | |

-+ (3V/2 + 32 + 3+/6) (AC)*Umyw} {[] + 4”De’-|l/2 }
. v il BN

(128,/6)n? D.my W (24)
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For comparative purposes, eqn. 24 is rewritten in the following dimensionless

;'forrn:
oy = %3
T (AC)Uw?
mi 3/2 _
—————(4 T2ynm [(r + ) 1]+
(ACm, 2 1 (943 + 16) (AC)m, _
* gamgy (1Y) H (48+/3)mmq
(33 + 16) (AC)*m, (AC))?m; 32
- + , I+ — 1]+
(32/6)mmo Ga/2ymmey O TP
(3y/2 + 32 + 3/6) (AC)*m, 12 _
* (32/6)n Moy LI F ) . . @9
where
— 4nD, t (26)

wf
is the dimensionless time parameter.

MODEL EVALUATION

Eqn. 3 was solved numerically with a digital computer by means of methods
described in studies on the lower moments3.4. A graphical comparison is presented
in Figs. 1—4 for different combinations of ACy, De and w; values.
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Fig. 1. Illustration of the time-dependence of the third moment. AC; = 0.1; % = 1 cm/sec; A, =

20, = —.~ —, ‘First-order approxlma.tlon, , second-order approximation. Simulation results
X, D.,.--oox wy = 4.8; O, Dg= 0.110567, w3 = 4.8; +, D¢_0110567,w1—64
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Fig. 2. Illustration of the time-dependence of the third moment. AC; = 0.5; = 1 cm/sec; ky =

20, — — — —, First-order approximation; , second-order approximation; ~---- , third-order
approximation. Simulation results: X ; Dy == o.01, w) = 4.8; O, D¢ = 0.110567, w; = 4.8; 4,
De = 0.110567, wy = 6.4.
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Fig.'3. Illustration of the time-dependence of the third moment, w; = 4.8; AC == — 0,1 1 ==

I cm/sec ‘kyi=="20, = —'—~ TFirst-order approximation;
Simulation results: X, Dem 0.01; 0, De== 0.110567,
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TFig. 4. Illustration of the time-dependence of the tlurd moment, w; = 4.8; ACj = — o0.5; u=
1 cm/sec; %k, == 20, — - — ~, TFirst-order approximation; ———, second-order approximation;
----- ,» third-order approximation, Simulation results: X, D, = o,01; O, D, = 0.110567,

-

The general trends are seen to be satisfactorily predicted by the theoretical
model; although deviations become larger as |ACi| increases, terms of higher than
second order will normally not be required. The observed dependence of &'y on D,
which is not predicted by the model is probably due to a transient inlet effect and
is not considered to be sufficiently significant to merit further investigation.

SYMBOLS

Qv
i

mass of solute per unit mobile phase volume

C; = value of C at { = o at the inlet

De = Dy/(x + ky)

D, = effective diffusion coefficient

I = convenient parameter, eqn. 5

I, = convenient parameter, egn. 9

J = convenient parameter, eqn. 6

J1 = convenient parameter, eqn. 10

J: = convenient parameter, eqn. 11

k, = parameter in adsorption isotherm

ks == parameter in adsorption isotherm

mgy == zeroth moment
1y = mass of solute per unit cross-section of the mobile phase at inlet at time ¢ =
"n = mass of solute adsorbed per unit.column volume
‘. = time

U =u/(x + k)

# .= carrier flow velocity

wy = width of plug inlet sample proﬁle
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v = 4qnDg/we®; dimensionless time parameter

z = axial coordinate

{z) = first moment of concentration—distance distribution )
Z = z — Ut; relative axial coordinate ‘
Z> =Kz — Ut

Greek symbols

ocg = third central moment of concentration—distance distribution
o'y dimensionless third- moment parameter (eqn. 23)

e = void fraction

A non-linearity parameter

p z — {2 centre-of-mass coordinate

c? = total variance

f
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